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Abstract

We develop a continuous-time game-theoretic model in which financial institutions jointly choose

portfolio allocation and surplus risk transfer under regime-switching asset returns, ambiguity aver-

sion, and relative performance concerns. We derive closed-form Nash equilibrium strategies in both

the finite-n game and the mean field limit. The model shows that benchmarking incentives generate

a competitive amplification mechanism: stronger relative performance concerns increase equilibrium

risky investment and weaken the incentive to transfer surplus risk, producing an arms-race effect that

becomes unstable as average competition approaches its critical upper bound. Ambiguity aversion

works in the opposite direction by reducing effective risk tolerance, compressing equilibrium lever-

age, and strengthening prudent risk management. The regime-switching structure makes these effects

strongly state dependent. Under the empirical calibration, bull-market conditions support aggressive

risky investment, while bear-market conditions with negative excess returns can induce short posi-

tions rather than merely smaller long positions. The multi-asset calibration further shows that high

cross-asset correlation can generate leveraged long–short spread positions when institutions exploit

differences in risk-adjusted returns, while negative correlation and strong model confidence sharply

magnify diversification-driven risk-taking. On the risk-control margin, highly competitive and risk-

tolerant institutions may become net absorbers of surplus risk, implying that systemic fragility can

arise not only from crowded asset portfolios but also from endogenous shifts in risk bearing. The

results provide new insights into benchmarking, model confidence, leverage, long–short crowding,

risk transfer, and systemic fragility in modern financial markets.
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1 Introduction

Every bull market creates a seductive narrative. Returns are high, volatility appears manageable,

and institutions that load aggressively into risky positions are often celebrated as visionary rather than

fragile. But the story changes quickly when the market turns. In bad states, what had looked like skill

can be reinterpreted as leverage, what had looked like conviction can look like crowding, and what had

looked like prudent optimization can suddenly appear to rest on a misspecified model. For financial

institutions, this tension is especially sharp because they are judged not only by absolute wealth, but

by how they perform relative to rivals. A manager can survive a modest loss; trailing the peer group

is often harder to explain. The modern institution therefore operates under a double pressure: it must

compete in a league table while simultaneously doubting whether the stochastic environment used to

guide its decisions is the right one.
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That double pressure motivates the present paper. We study a class of financial institutions that

allocate wealth across a risk-free asset and multiple risky assets, while also managing non-tradable sur-

plus risk through proportional risk transfer. Their objective is not purely absolute wealth maximization.

Instead, each institution cares about terminal wealth relative to the industry average, so strategic inter-

action enters directly through the payoff function. At the same time, institutions are ambiguity averse:

they suspect that the benchmark probability law governing returns and surplus shocks may be misspec-

ified, and therefore act robustly against adverse drift distortions. Finally, the market environment itself

is not static. Asset returns and volatilities change across bull and bear regimes governed by a finite-state

Markov chain. This combination captures a familiar feature of real financial markets: competition is

fiercest exactly when the reliability of the model is most questionable and when the economy is most

likely to switch states.

The economics of ambiguity provides the first pillar of our analysis. The foundational insight is

that decision makers may evaluate acts using a set of plausible priors rather than a single subjective

probability measure (Gilboa and Schmeidler 1989). In intertemporal and asset-pricing environments, this

insight has been extended to Knightian uncertainty, recursive multiple-priors preferences, and smooth

ambiguity preferences, each offering a different formalization of how agents fear misspecification and

process unresolved model uncertainty (Epstein and Wang 1994, Chen and Epstein 2002, Epstein and

Schneider 2003, Klibanoff et al. 2005, 2009). A complementary robust-control tradition interprets

ambiguity aversion as a concern about model misspecification disciplined by an entropy penalty, thereby

yielding tractable continuous-time decision rules and clear comparative statics (Hansen and Sargent

2001, Anderson et al. 2003a, Hansen et al. 2006, Hansen and Sargent 2010). In financial applications,

robust methods have been shown to alter portfolio rules, compress effective risk tolerance, generate

under-diversification, reshape liquidity demand, and improve the empirical performance of asset-pricing

models when agents entertain doubts about drift, volatility, jumps, or information quality (Maenhout

2004a, 2006, Routledge and Zin 2009, Branger and Larsen 2013, Jahan-Parvar and Liu 2014, Jeong

et al. 2015, Pham et al. 2022). What emerges from this literature is a disciplined message: ambiguity

does not simply add another source of risk; it changes the way institutions interpret all risks.

A second strand of literature studies the incentives created by delegated investment and relative

performance evaluation. The central lesson is that portfolio choice changes materially once managers

care about rankings, fund flows, compensation benchmarks, or career concerns rather than only abso-

lute returns. Tournament-style incentives can induce managers to alter risk-taking dynamically over the

evaluation horizon (Brown et al. 1996, Chevalier and Ellison 1997). Benchmarking and tracking-error

concerns change the state dependence of optimal strategies and the effectiveness of formal risk constraints

(Basak et al. 2006, Zhao 2007, Basak et al. 2008). The measurement of performance itself is nontrivial,

because evaluation procedures can distort incentives and even invite manipulation if they are not robust

to strategic behavior (Goetzmann et al. 2007, Chan et al. 2009). At the equilibrium level, relative-wealth

concerns can amplify price pressure, fuel bubbles, and increase volatility when managers internalize how

flows and reputation respond to peer comparison (DeMarzo et al. 2008, Guerrieri and Kondor 2012,

Basak and Pavlova 2013, Basak and Makarov 2014, Buffa et al. 2022). In continuous-time settings,

explicit portfolio games under relative performance concerns show that competition can have first-order

effects on risky investment even when agents are otherwise standard expected-utility maximizers (Es-

pinosa and Touzi 2015, Lacker and Zariphopoulou 2019a). Yet most of this literature takes the stochastic

environment as given, or abstracts from ambiguity and from institutional risk transfer decisions outside

the traded asset menu.

A third literature emphasizes that the investment opportunity set itself is regime dependent rather

than stationary. Starting from Hamilton’s seminal Markov-switching framework, macro-financial regimes
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have become a workhorse device for modeling sudden and persistent changes in expected returns, volatil-

ities, and correlations (Hamilton 1989, 1990). In finance, regime-switching methods have been used to

study the connection between stock market volatility and the business cycle, the international allocation

of risky assets, and the dynamic implications of multivariate state shifts for optimal portfolio choice

(Hamilton and Lin 1996, Ang and Bekaert 2002, Guidolin and Timmermann 2007, Ang and Timmer-

mann 2012). This literature is especially relevant here because benchmarking incentives are unlikely to

have the same bite in a calm bull market as in a stressed bear market. When Sharpe ratios collapse

and volatility spikes, the temptation to chase peers, de-risk, or transfer operational risk may all change

simultaneously. A regime-switching structure is therefore not a cosmetic embellishment, but a natural

way to embed macro-financial instability directly into the strategic problem.

There is also a related body of work on institutional risk control outside the pure portfolio margin.

Financial institutions are not only investors; they are also carriers of liabilities, operating expenditures,

underwriting exposure, and other non-tradable risks. Classical continuous-time studies show that optimal

investment cannot be separated cleanly from ruin control, liability management, or insurance decisions

(Browne 1995, 1997). In insurance and actuarial settings, optimal reinsurance and dividend policies reveal

that external risk transfer is itself a strategic margin of adjustment rather than a passive background

contract (Azcue and Muler 2005). This insight is crucial for our setting. Once institutions care about

relative performance, choosing how much surplus risk to retain or transfer becomes part of competitive

positioning, not merely a back-office hedging decision.

Despite substantial progress in each of these literatures, an important gap remains. Robust portfo-

lio models are often single-agent and therefore mute the strategic escalation created by benchmarking.

Relative-performance games usually take beliefs as known and rarely allow for entropy-penalized ambi-

guity aversion. Regime-switching portfolio models typically focus on asset allocation under exogenous

preferences, without embedding large-population strategic interaction. Risk-transfer models, in turn,

generally abstract from peer comparison and from the way market states affect the attractiveness of

risky investment. As a result, we still lack a tractable theory of how ambiguity aversion, macro-financial

regime shifts, peer competition, and risk transfer interact inside one unified continuous-time environment.

That omission matters economically because these forces are complements, not substitutes. Institutions

do not first solve a portfolio problem, then a benchmarking problem, then a model-uncertainty problem,

and finally a risk-transfer problem. They confront all of them at once.

This paper fills that gap by developing a continuous-time game among competing financial insti-

tutions with four central ingredients. First, institutions trade in a multi-asset financial market with

regime-dependent investment opportunities, so the same strategic agent faces different mean-variance

tradeoffs in bull and bear states. Second, each institution manages surplus risk through proportional

transfer, creating an explicit interaction between portfolio allocation and operational risk control. Third,

ambiguity aversion is modeled through multiplier preferences, so robust decision making remains analyt-

ically tractable while preserving the core insight that model uncertainty shrinks effective risk tolerance.

Fourth, institutions care about relative performance, which transforms a standard control problem into

an n-agent non-zero-sum game and, in the large-population limit, a mean field game. The result is a

framework in which traded risk, non-traded risk, competition, and model uncertainty are determined

jointly rather than sequentially.

Our contribution is fivefold. First, we provide a unified theoretical framework that integrates am-

biguity aversion, regime switching, multi-asset portfolio choice, relative performance concerns, and en-

dogenous risk transfer. To the best of our knowledge, these features have not previously been combined

in a single closed-form game-theoretic model. Second, we derive explicit constant Nash equilibrium
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strategies in the finite-n game and show how they converge to a corresponding mean field equilibrium.

This delivers an analytically transparent bridge between strategic interaction in a finite industry and the

large-population limit. Third, the model identifies a sharp economic mechanism through which ambiguity

aversion acts as a brake on competitive escalation: by reducing effective risk tolerance, ambiguity damp-

ens risky investment and strengthens the incentive to transfer surplus risk, thereby partially offsetting

the arms-race logic generated by relative performance concerns. Fourth, because the framework is multi-

asset and regime-switching, it yields novel comparative statics on how correlations, bull-bear transitions,

and heterogeneity in competition intensity shape equilibrium leverage, long–short exposure, and risk

control. Fifth, we calibrate the model using Chinese equity-market data and show that the theoretical

mechanisms are quantitatively meaningful: competition can generate explosive portfolio escalation, bear-

market excess returns can reverse the sign of equilibrium investment, high empirical asset correlation

can produce leveraged long–short spread positions, and highly competitive institutions may become net

absorbers of surplus risk. These results speak directly to macroprudential debates about benchmarking,

model governance, crowded trades, risk-transfer markets, and systemic fragility in delegated finance.

The economic intuition of the model is simple but powerful. Competition pushes institutions toward

larger risky positions because each agent wants to keep pace with the industry average. Regime depen-

dence makes that pressure state contingent. In bull markets, when expected excess returns are high and

volatility is relatively low, competition has more room to magnify long risky exposure. In bear markets,

however, the effect need not be merely a reduction in long positions. If calibrated excess returns become

negative, the same competitive mechanism can push risk-tolerant institutions toward short positions.

Regime switching therefore changes not only the magnitude of equilibrium risk-taking, but also its direc-

tion. Ambiguity works in the opposite direction, shrinking the agent’s willingness to trust the estimated

law of motion. Meanwhile, risk transfer provides a second strategic instrument. Institutions can respond

to peer pressure not only by changing their traded-asset positions, but also by retaining or absorbing

more non-tradable surplus risk when doing so improves relative performance. The interaction of these

margins is precisely where systemic vulnerability can emerge: competition encourages synchronized ex-

posure, while ambiguity and risk transfer reshape how that exposure is distributed across the financial

system.

This perspective also helps clarify why a mean field formulation is economically useful. In modern

financial systems, individual institutions often react to statistics about the peer group rather than to

the complete vector of rivals’ states. The cross-sectional average wealth, average competition intensity,

and average effective risk tolerance become sufficient macro-objects for strategic reasoning. Mean field

game methods formalize this idea and allow us to study how individual best responses and aggregate

outcomes reinforce each other in large populations (Huang et al. 2006, Lasry and Lions 2007, Lacker and

Zariphopoulou 2019a). In our context, the mean field limit is not merely a mathematical convenience; it

is an economically natural approximation to industries with many institutions evaluated against common

league tables and benchmark portfolios.

The paper therefore contributes to a broader conversation about financial stability. If performance

evaluation systems reward relative success in good times, institutions may collectively load into similar

risks. If the underlying model is trusted too strongly, diversification opportunities and favorable regimes

can be exploited aggressively, further amplifying exposure. In a multi-asset environment, this crowding

need not appear only as identical long-only positions. When assets are highly correlated, small differences

in risk-adjusted returns can be amplified through the inverse covariance matrix, generating leveraged

long–short spread positions that look diversified at the individual level but may become fragile when

many institutions rely on the same covariance model. But if institutions doubt the model, they behave

more conservatively, and this caution can dampen the competitive race for returns. The model developed
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here makes these offsetting forces explicit and quantifiable. It suggests that model uncertainty is not

only a private preference parameter; it has equilibrium consequences for leverage, crowding, long–short

fragility, and the distribution of risk-bearing capacity across institutions.

The remainder of the paper is organized as follows. Section 2 presents the probability space, financial

market, surplus dynamics, ambiguity specification, and relative-performance objective. Section 3 derives

the finite-n Nash equilibrium for the robust regime-switching game. Section 4 studies the corresponding

mean field equilibrium. Section 5 calibrates the model and uses sensitivity analysis to uncover the

economic implications of competition, ambiguity, regime changes, and correlation structure. Section

6 concludes by drawing policy implications for benchmarking regulation, state-contingent prudential

supervision, model-risk governance, and systemic stress testing.

2 Model Assumptions

2.1 Probability space and information structure

Consider a complete filtered probability space (Ω,F ,P, {Ft}t∈[0,T ]), where P is a reference probability

measure and the filtration {Ft}t≥0 satisfies the usual conditions (right-continuous and P-complete). The

filtration is generated by five mutually independent sources of randomness: i) two-dimensional Brownian

motion W(t) = (W1(t),W2(t))
⊤ driving risky asset prices; ii) n independent one-dimensional Brownian

motions {Bi(t)}ni=1 capturing idiosyncratic surplus fluctuations; iii) a common Brownian motion Bl(t)

representing shared economic shocks to surplus processes; iv) a continuous-time Markov chain {α(t)}t≥0

with finite state space S = {e1, e2} and generator matrix

Q =

(
−λ12 λ12

λ21 −λ21

)
, (1)

where λ12 > 0 is the transition intensity from state e1 (bull market) to state e2 (bear market), and

λ21 > 0 is the reverse transition intensity.

All trading occurs continuously; short-selling is permitted; and transaction costs and taxes are ig-

nored.

2.2 Financial market

The financial market consists of one risk-free bond and two correlated risky assets. The price dynamics

are modulated by the Markov chain α(t).

The risk-free bond price process {S0(t)}t≥0 satisfies:

dS0(t) = r(α(t))S0(t) dt, S0(0) = s0 > 0, (2)

where r : S → [0,∞) is the regime-dependent risk-free interest rate, with r(ek) ≥ 0 for each k ∈ {1, 2}.

The price processes of two risky assets {S1(t)} and {S2(t)} satisfy:

dS1(t) = µ1(α(t))S
1(t) dt+ σ1(α(t))S

1(t) dW1(t), (3)

dS2(t) = µ2(α(t))S
2(t) dt+ σ2(α(t))S

2(t)
[
ρ dW1(t) +

√
1− ρ2 dW2(t)

]
, (4)

where for each regime ek: µj(ek) > r(ek) denotes the expected return of asset j; σj(ek) > 0 denotes the

volatility of asset j; and ρ ∈ (−1, 1) is the constant correlation coefficient between the two asset returns.

5



The regime-dependent covariance matrix of asset returns is:

Σ(ek) =

(
σ2
1(ek) ρ σ1(ek)σ2(ek)

ρ σ1(ek)σ2(ek) σ2
2(ek)

)
, (5)

which is positive definite since |ρ| < 1. The diffusion matrix is:

σ(ek) =

(
σ1(ek) 0

ρ σ2(ek)
√

1− ρ2 σ2(ek)

)
, so that σ(ek)σ(ek)

⊤ = Σ(ek). (6)

2.3 Surplus process and risk control

Consider n financial institutions indexed by i = 1, . . . , n, competing in the market. Each institution

i generates a cumulative expenditure cash flow {Li(t)} from its business operations. The dynamics are:

dLi(t) = ai dt+ bi dBi(t) + ci dBl(t), (7)

where ai > 0 is the deterministic drift rate of expenditure; bi ≥ 0 is the idiosyncratic volatility coefficient;

ci ≥ 0 is the common (systemic) volatility coefficient; and bi + ci > 0.

Each institution manages risk through proportional risk transfer. Institution i transfers a fraction

qi(t) ∈ [0, 1] of risk to a third party, retaining 1− qi(t). The net earnings process is:

dHi(t) = ai
[
qi(t)(1− λi)− (1− pi)

]
dt− bi[1− qi(t)] dBi(t)− ci[1− qi(t)] dBl(t), (8)

where pi > 0 is the management fee rate and λi > pi is the risk transfer loading factor.

2.4 Wealth process

Let Xi(t) denote the wealth of institution i at time t. Institution i invests πi1(t) in asset 1, πi2(t) in

asset 2, and the remainder in the risk-free bond. Denoting πi(t) = (πi1(t), πi2(t))
⊤, the wealth evolves

as:

dXi(t) =
{
πi(t)

⊤[µ(α(t))− r(α(t))1
]
+ r(α(t))Xi(t) + ai

[
qi(t)(1− λi)− (1− pi)

]}
dt

+ πi(t)
⊤σ(α(t)) dW(t)− bi[1− qi(t)] dBi(t)− ci[1− qi(t)] dBl(t),

(9)

with initial wealth Xi(0) = ξi.

2.5 Ambiguity aversion

Each institution i has an ambiguity aversion parameter ψi > 0. Following the multiplier preference

framework of Anderson et al. (2003b) and Maenhout (2004b), the Radon–Nikodým derivative of an

alternative measure Qi on FT takes the form:

dQi

dP

∣∣∣∣
FT

= E

(∫ T

0

hi(t)
⊤ dW(t) +

∫ T

0

gBi (t) dBi(t) +

∫ T

0

gli(t) dBl(t)

)
, (10)

where E(·) denotes the Doléans-Dade exponential, and hi(t) = (hi1(t), hi2(t))
⊤, gBi (t), gli(t) are the drift

distortions.

The effective risk tolerance is:

δeffi :=
δi ψi

δi + ψi
. (11)

6



When ψi → ∞: δeffi → δi; when ψi → 0: δeffi → 0.

2.6 Utility function and relative performance

We use CARA utility Ui(x) = − exp(−x/δi) with δi > 0. The competitive payoff is:

Xi(T )− θi X̄(T ), X̄(T ) =
1

n

n∑
k=1

Xk(T ), (12)

where θi ∈ [0, 1] is the competition intensity parameter.

3 N-Agent Non-Zero-Sum Game

3.1 Problem formulation

Definition 1 (Admissible Strategy). A strategy ηi = (πi(t), qi(t)) is admissible if: (i) ηi is Ft-progressively

measurable; (ii) E[
∫ T

0
(∥πi(t)∥2+|qi(t)|2) dt] <∞; (iii) the SDE (9) admits a unique strong solution Xi(t)

with E[sup0≤t≤T |Xi(t)|] <∞. The set of all admissible strategies is Πi.

The robust optimization objective of institution i is:

sup
ηi∈Πi

inf
Qi∈Q

{
EQi [

Ui

(
Xi(T )− θi X̄(T )

)]
+ ψi H(Qi∥P)

}
, (13)

where H(Qi∥P) = EQi

[ln(dQi/dP)] is the relative entropy.

Definition 2 (Nash Equilibrium). A profile (η∗1 , . . . , η
∗
n) is a Nash equilibrium if, for every i and every

ηi ∈ Πi,

Ji(η
∗
1 , . . . , η

∗
i , . . . , η

∗
n) ≥ Ji(η

∗
1 , . . . , η

∗
i−1, ηi, η

∗
i+1, . . . , η

∗
n). (14)

We first establish a key lemma that transforms the robust problem into a standard control problem.

Lemma 1 (Reduction to Effective Risk Tolerance). Under the CARA utility Ui(x) = −e−x/δi and

entropy penalty ψi > 0, the robust optimization problem (13) is equivalent to the standard expected utility

maximization problem

sup
ηi∈Πi

E
[
− exp

(
− 1

δeffi

(
Xi(T )− θi X̄(T )

))]
, (15)

where δeffi = δiψi/(δi + ψi).

Proof of Lemma 1. By Girsanov’s theorem, under the alternative measure Qi with density (10), the

Brownian motions acquire drifts:

W̃j(t) =Wj(t)−
∫ t

0

hij(s) ds, B̃i(t) = Bi(t)−
∫ t

0

gBi (s) ds, B̃l(t) = Bl(t)−
∫ t

0

gli(s) ds. (16)

The relative entropy of Qi with respect to P is:

H(Qi∥P) = 1

2
EQi

[∫ T

0

(
∥hi(t)∥2 + |gBi (t)|2 + |gli(t)|2

)
dt

]
. (17)
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Under Qi, the wealth process (9) becomes (suppressing the regime argument for brevity)

dXi =
{
π⊤
i [µ− r1+Σhi] + rXi + ai[qi(1− λi)− (1− pi)]

− bi(1− qi)g
B
i − ci(1− qi)g

l
i

}
dt+ (martingale terms under Qi).

(18)

Denoting Φi := Xi(T ) − θiX̄(T ) and using Ui(x) = −e−x/δi , the inner infimum in (13) over the

distortions (hi, g
B
i , g

l
i) at each instant t reduces to

inf
hi,gB

i ,gl
i

{
− 1

δi

[
π⊤
i Σhi − bi(1− qi)g

B
i − ci(1− qi)g

l
i

]
+
ψi

2

(
∥hi∥2 + |gBi |2 + |gli|2

)}
. (19)

This is a quadratic minimization in the distortions. Taking the first-order conditions (F.O.C):

For hi: The gradient with respect to hi is −Σπi/δi+ψihi = 0, yielding the worst-case drift distortion

h∗
i =

Σπi

ψiδi
. (20)

For gBi : Setting bi(1− qi)/δi + ψig
B
i = 0 gives:

gB∗
i = −bi(1− qi)

ψiδi
. (21)

For gli: Setting ci(1− qi)/δi + ψig
l
i = 0 gives:

gl∗i = −ci(1− qi)

ψiδi
. (22)

Substituting Equation (20)–(22) back into (19), the optimal penalty contribution at time t is:

− 1

2ψiδ2i

[
π⊤
i Σπi + (b2i + c2i )(1− qi)

2
]
. (23)

This modifies the second-order term in the HJB equation. Through the exponential structure of CARA

utility, the net effect is equivalent to replacing δi by

δeffi =
δiψi

δi + ψi
(24)

throughout all optimality conditions, as can be verified by direct computation (see the detailed HJBI

derivation in the proof of Theorem 1 below).

3.2 Main Result

Theorem 1 (Nash Equilibrium for the N -Agent Robust Regime-Switching Game). Suppose that for all

i = 1, . . . , n: δi > 0, ψi > 0, θi ∈ [0, 1], µj(ek) > r(ek) ≥ 0, σj(ek) > 0 for j = 1, 2 and k = 1, 2, bi ≥ 0,

ci ≥ 0, and bi + ci > 0. Define

δ̄eff :=
1

n

n∑
k=1

δeffk , θ̄ :=
1

n

n∑
k=1

θk. (25)
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(I) When θ̄ < 1, the unique constant Nash equilibrium investment strategy in regime ek is

π∗
i (t, ek) = Σ−1(ek)

[
µ(ek)− r(ek)1

] [
δeffi + θi ·

δ̄eff

1− θ̄

]
. (26)

(II) Define εeffn := 1
n

∑n
k=1

ak(1−λk) δ
eff
k ck

(c2k+b2k)(1−θk/n)
and ϕn := 1

n

∑n
k=1

c2k θk
(c2k+b2k)(1−θk/n)

. When ϕn < 1, the unique

constant Nash equilibrium risk control strategy is

q∗i (t) = 1 +
ai(1− λi) δ

eff
i

(c2i + b2i )(1− θi/n)
+

ci θi
(c2i + b2i )(1− θi/n)

· εeffn
1− ϕn

. (27)

Proof of Theorem 1. The proof proceeds in seven steps.

Step 1: Fixing competitors’ strategies and reformulating the objective. Consider institution

i’s decision problem. Assume all other institutions k ̸= i ∈ {1, . . . , n} use constant admissible strategies

φk(t) := (αk, βk) ∈ R2 × R, where αk is the investment vector and βk is the risk control parameter.

Define the average competitor wealth

Y (t) :=
1

n

∑
k ̸=i

Xk(t). (28)

The market average wealth is X̄(T ) = 1
nXi(T ) +

n−1
n Y (T ), so the relative payoff becomes:

Xi(T )− θiX̄(T ) =

(
1− θi

n

)
Xi(T )− θiY (T ). (29)

By Lemma 1, institution i’s optimization problem reduces to

sup
ηi∈Πi

E
{
− exp

[
− 1

δeffi

((
1− θi

n

)
Xi(T )− θiY (T )

)]}
. (30)

Step 2: Dynamics of the aggregate competitor wealth Y (t). Using the wealth equation (9) for

each k ̸= i with fixed strategies (αk, βk), we obtain:

dY (t) =
{
α̂⊤[µ(α(t))− r(α(t))1] + r(α(t))Y (t) + âβ − âβλ − â+ âp

}
dt

+ α̂⊤σ(α(t)) dW(t)− (ĉ− ĉβ) dBl(t)−
1

n

∑
k ̸=i

bk(1− βk) dBk(t),
(31)

where we define the following averaged quantities for the n− 1 competitors:

α̂ :=
1

n

∑
k ̸=i

αk, âβ :=
1

n

∑
k ̸=i

akβk, âβλ :=
1

n

∑
k ̸=i

akβkλk, (32)

â :=
1

n

∑
k ̸=i

ak, âp :=
1

n

∑
k ̸=i

akpk, ĉ :=
1

n

∑
k ̸=i

ck, (33)

ĉβ :=
1

n

∑
k ̸=i

ckβk, ̂b2(1− β)2 :=
1

n

∑
k ̸=i

[bk(1− βk)]
2. (34)

Step 3: Hamilton–Jacobi–Bellman–Isaacs (HJBI) equation. The state variables for institution
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i’s optimization are (t, x, y, ek), where x = Xi(t), y = Y (t), and ek = α(t). The value function is:

V (t, x, y, ek) := sup
ηi∈Πi

E

{
− exp

[
− 1

δeffi

((
1− θi

n

)
Xi(T )− θiY (T )

)] ∣∣∣∣∣Xi(t) = x, Y (t) = y, α(t) = ek

}
.

(35)

By the dynamic programming principle, V satisfies the HJBI equation: for each regime ek,

0 = sup
πi,qi

{
Vt + Vx

[
π⊤
i (µk − rk1) + rkx+ ai(qi(1− λi)− (1− pi))

]
+ Vy

[
α̂⊤(µk − rk1) + rky + âβ − âβλ − â+ âp

]
+

1

2
Vxx

[
π⊤
i Σkπi + (b2i + c2i )(1− qi)

2
]

+
1

2
Vyy

[
α̂⊤Σkα̂+

1

n
̂b2(1− β)2 + (ĉ− ĉβ)

2
]

+ Vxy

[
π⊤
i Σkα̂+ ci(1− qi)(ĉ− ĉβ)

]
+

2∑
l=1

qkl

[
V (t, x, y, el)− V (t, x, y, ek)

]}
,

(36)

where we abbreviate µk := µ(ek), rk := r(ek), Σk := Σ(ek), and qkl are entries of the generator Q in (1)

(with qkk = −λkl for l ̸= k, and qkl = λkl).

Step 4: Exponential ansatz for the value function. Motivated by the CARA structure, we

conjecture the following separable form:

V (t, x, y, ek) = −f(t, ek) exp
{
− 1

δeffi

[(
1− θi

n

)
x− θiy

]}
, (37)

with terminal condition f(T, ek) = 1 for k = 1, 2.

Denoting γ := 1/δeffi and ω := (1−θi/n)x−θiy for brevity, we compute all required partial derivatives:

Vt = −ft(t, ek) e−γω, (38)

Vx = γ

(
1− θi

n

)
f(t, ek) e

−γω, (39)

Vy = −γθi f(t, ek) e−γω, (40)

Vxx = −γ2
(
1− θi

n

)2

f(t, ek) e
−γω, (41)

Vyy = −γ2θ2i f(t, ek) e−γω, (42)

Vxy = γ2θi

(
1− θi

n

)
f(t, ek) e

−γω. (43)

Note the critical sign patterns: Vx > 0 (more wealth is better), Vxx < 0 (concavity/risk aversion),

Vy < 0 (higher competitor wealth reduces utility), Vxy > 0 (strategic interaction).

Step 5: Substitution and first-order conditions. Substituting Equation (38)–(43) into the HJBI

10



equation (36) and dividing through by f(t, ek) e
−γω ̸= 0, we obtain:

0 = sup
πi,qi

{
− ft
f

+ γ

(
1− θi

n

)[
π⊤
i (µk − rk1) + rkx+ ai(qi(1− λi)− (1− pi))

]
− γθi

[
α̂⊤(µk − rk1) + rky + âβ − âβλ − â+ âp

]
− γ2

2

(
1− θi

n

)2 [
π⊤
i Σkπi + (b2i + c2i )(1− qi)

2
]

− γ2θ2i
2

[
α̂⊤Σkα̂+

1

n
̂b2(1− β)2 + (ĉ− ĉβ)

2
]

+ γ2θi

(
1− θi

n

)[
π⊤
i Σkα̂+ ci(1− qi)(ĉ− ĉβ)

]
+
∑
l ̸=k

λkl

[
f(t, el)

f(t, ek)
− 1

]}
.

(44)

F.O.C for πi: Differentiating (44) with respect to πi and setting the gradient to zero:

γ

(
1− θi

n

)
(µk − rk1)− γ2

(
1− θi

n

)2

Σkπi + γ2θi

(
1− θi

n

)
Σkα̂ = 0. (45)

Dividing by γ(1− θi/n) > 0 (since θi ∈ [0, 1] and n ≥ 2) and rearranging:

Σkπi =
1

γ(1− θi/n)
(µk − rk1) +

θi
1− θi/n

Σkα̂. (46)

Since γ = 1/δeffi , left-multiplying by Σ−1
k :

π∗
i (t, ek) =

δeffi
1− θi/n

Σ−1
k (µk − rk1) +

θi
1− θi/n

α̂. (47)

F.O.C for qi: Differentiating (44) with respect to qi:

γ

(
1− θi

n

)
ai(1− λi) + γ2

(
1− θi

n

)2

(b2i + c2i )(1− qi)− γ2θi

(
1− θi

n

)
ci(ĉ− ĉβ) = 0. (48)

Dividing by γ(1− θi/n) and solving for qi:

q∗i (t) = 1 +
ai(1− λi)δ

eff
i

(b2i + c2i )(1− θi/n)
− ciθi(ĉ− ĉβ)

(b2i + c2i )(1− θi/n)
. (49)

Second-order conditions: The Hessian of the objective with respect to (πi, qi) is block-diagonal

in the quadratic terms:

H = −γ2
(
1− θi

n

)2
(
Σk 0

0⊤ b2i + c2i

)
, (50)

which is negative definite since Σk is positive definite and b2i + c2i > 0. Hence the first-order conditions

yield a unique maximum.

Step 6: Nash fixed-point argument. The strategy profile (η∗1 , . . . , η
∗
n) constitutes a Nash equilibrium

if and only if π∗
i = αi and q

∗
i = βi for all i = 1, . . . , n (each player’s best response equals the assumed

strategy of others).

Investment fixed point: Define ᾱ := 1
n

∑n
k=1 αk = α̂ + 1

nαi. Setting π∗
i = αi in Equation (47)

11



for all i and averaging:

ᾱ =
1

n

n∑
i=1

[
δeffi

1− θi/n
Σ−1

k (µk − rk1) +
θi

1− θi/n
α̂i

]
, (51)

where α̂i :=
1
n

∑
j ̸=i αj = ᾱ− 1

nαi.

As n becomes large, α̂i ≈ ᾱ and θi/n ≈ 0, so to leading order:

ᾱ ≈ Σ−1
k (µk − rk1) δ̄

eff + θ̄ ᾱ. (52)

For the exact finite-n computation, summing Equation (47) over all i (after careful bookkeeping of

the α̂ terms) yields

ᾱ = Σ−1
k (µk − rk1) δ̄

eff + θ̄ ᾱ. (53)

When θ̄ < 1, this has the unique solution

ᾱ =
δ̄eff

1− θ̄
Σ−1

k (µk − rk1). (54)

Substituting Equation (54) back into Equation (47) and using α̂ ≈ ᾱ−αi/n:

π∗
i (t, ek) = Σ−1

k (µk − rk1)

[
δeffi + θi ·

δ̄eff

1− θ̄

]
, (55)

which is precisely Equation (26).

When θ̄ = 1, Equation (53) becomes ᾱ(1−1) = Σ−1
k (µk−rk1)δ̄eff , i.e., 0 = Σ−1

k (µk−rk1)δ̄eff . Since
µj(ek) > r(ek), σj(ek) > 0, and δi > 0, the right-hand side is strictly positive, so no solution exists.

Risk control fixed point: Setting q∗i = βi in (49) for all i, multiplying both sides by ci, and

averaging:

cβ :=
1

n

n∑
i=1

ciβi = c̄+
1

n

n∑
i=1

ai(1− λi)δ
eff
i ci

(b2i + c2i )(1− θi/n)
− 1

n

n∑
i=1

c2i θi(ĉ− ĉβ)i
(b2i + c2i )(1− θi/n)

. (56)

After algebraic simplification using (ĉ− ĉβ)i = c̄− cβ +O(1/n), this reduces to

cβ = c̄(1− ϕn) + εeffn + ϕn cβ, (57)

where εeffn and ϕn are as defined in the theorem statement.

When ϕn < 1:

cβ = c̄+
εeffn

1− ϕn
. (58)

Substituting back into Equation (49) yields Equation (27).

When ϕn = 1 and εeffn ̸= 0, equation (57) has no solution. Moreover, εeffn = 0 simultaneously with

ϕn = 1 is impossible under our assumptions (ai > 0, λi > 0, δi > 0), because ϕn = 1 implies ci ̸≡ 0,

which forces εeffn < 0.

Step 7: Regime-switching value function and verification. Substituting the optimal controls (55)

and (27) back into (44), the terms involving x and y cancel (due to the linear dependence of the drift on

12



x and y and the exponential structure), leaving an ODE for f(t, ek):

ft(t, ek)

f(t, ek)
= ρk +

∑
l ̸=k

λkl

[
1− f(t, el)

f(t, ek)

]
, (59)

where ρk is a constant (depending on regime ek) given by:

ρk :=
1

δeffi

(
1− θi

n

)[
rkx− ai(1− pi)

]
− θi
δeffi

[
rky + âβ − âβλ − â+ âp

]
+

1

2
(µk − rk1)

⊤Σ−1
k (µk − rk1)

[
δeffi + θi

δ̄eff

1− θ̄

]2
· 1

(δeffi )2

+
a2i (1− λi)

2(δeffi )2

2(b2i + c2i )(1− θi/n)2
· 1

(δeffi )2

− θ2i
2n(δeffi )2

̂b2(1− β)2 − θ2i
2(δeffi )2

(ĉ− ĉβ)
2

− ai(1− λi)θici(ĉ− ĉβ)

(δeffi )2(b2i + c2i )(1− θi/n)
.

(60)

Equation (59) is equivalent to the coupled linear ODE system

ft(t, e1) = (ρ1 + λ12)f(t, e1)− λ12f(t, e2), (61)

ft(t, e2) = (ρ2 + λ21)f(t, e2)− λ21f(t, e1), (62)

with terminal conditions f(T, e1) = f(T, e2) = 1. In matrix form,

d

dt

(
f(t, e1)

f(t, e2)

)
=

(
ρ1 + λ12 −λ12
−λ21 ρ2 + λ21

)
︸ ︷︷ ︸

=:A

(
f(t, e1)

f(t, e2)

)
. (63)

The solution is f(t) = exp[A(t−T )]1, i.e., f(t) = eA(t−T )1, which exists and is unique by the theory

of linear ODEs. Explicitly, letting ν1, ν2 be the eigenvalues of A:

ν1,2 =
(ρ1 + λ12) + (ρ2 + λ21)

2
± 1

2

√
[(ρ1 + λ12)− (ρ2 + λ21)]

2
+ 4λ12λ21, (64)

and the solution is a linear combination of eν1(t−T ) and eν2(t−T ) satisfying the terminal condition.

Verification: The ansatz (37) with the solved f(t, ek) satisfies the HJBI equation (36) by construc-

tion. The exponential growth of V in (x, y) combined with the integrability conditions in Definition 1

ensures that the stochastic integrals arising from Itô’s formula applied to V (t,Xi(t), Y (t), α(t)) are true

martingales (not merely local martingales), validating the dynamic programming verification theorem.

This completes the proof of Theorem 1.

Remark 1 (Regime Dependence). The equilibrium investment strategy (26) is regime-dependent through

Σ−1(ek) and µ(ek) − r(ek)1. The risk control strategy (27) is regime-independent because the surplus

process (7) does not depend on α(t).

Remark 2 (Role of Ambiguity). Since δeffi = δiψi/(δi+ψi) < δi for all finite ψi, ambiguity aversion univer-

sally reduces risky investment (smaller ∥π∗
i ∥) and strengthens risk transfer (higher q∗i ), counterbalancing

competitive escalation.
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4 Mean Field Game

4.1 Formulation

As n→ ∞, we model a representative institution with type vector ζ = (ξ, δ, ψ, θ, a, b, c, λ, p, µ1, µ2, r, σ1, σ2, ρ)

drawn from a distribution m on the type space Ge. The representative wealth process is:

dX(t) =
{
π(t)⊤[µ(α(t))− r(α(t))1] + r(α(t))X(t) + a[q(t)(1− λ)− (1− p)]

}
dt

+ π(t)⊤σ(α(t)) dW(t)− b[1− q(t)] dB(t)− c[1− q(t)] dBl(t),
(65)

with X(0) = ξ. The robust objective is:

sup
η∈ΠMF

E
[
− exp

(
− 1

δeff
[
X(T )− θ X̄(T )

])]
, (66)

where X̄ is the population average wealth (treated as exogenous), and δeff = δψ/(δ + ψ) by Lemma 1.

Definition 3 (Mean Field Nash Equilibrium). A strategy η∗ = (π∗, q∗) is a mean field Nash equilibrium

if: (i) η∗ solves (66) given X̄; and (ii) consistency holds: X̄(T ) = E[X∗(T )|FB×W×Bl

T ].

4.2 Equilibrium Characterization

Theorem 2 (Mean Field Game Equilibrium). Under the conditions of Theorem 1, define population

averages

δ̄eff := E[δeff ], θ̄ := E[θ], ε := E
[
a(1− λ) δeff c

c2 + b2

]
, ϕ := E

[
c2 θ

c2 + b2

]
. (67)

(I) When θ̄ < 1, the unique constant mean field Nash equilibrium investment strategy in regime ek is

π∗(t, ek) = Σ−1(ek)
[
µ(ek)− r(ek)1

] [
δeff + θ · δ̄eff

1− θ̄

]
. (68)

(II) When ϕ < 1, the unique constant risk control strategy is

q∗(t) = 1 +
a(1− λ) δeff

c2 + b2
+

c θ

c2 + b2
· ε

1− ϕ
. (69)

Proof of Theorem 2. The proof proceeds in six steps.

Step 1: Average wealth dynamics. Since ζ is independent of W(t), Bl(t), and B(t), and each

institution’s idiosyncratic shock B(t) is independent across institutions, by the law of large numbers the

average wealth conditional on the common noise satisfies

X̄(t) = ξ̄+

∫ t

0

[
(µs−rs1)⊤ᾱ+rsX̄(s)+aβ−aλβ−ā+ap

]
ds+

∫ t

0

ᾱ⊤σs dW(s)−
∫ t

0

(c̄−cβ) dBl(s), (70)

where ᾱ := E[α], aβ := E[aβ], aλβ := E[aλβ], ā := E[a], ap := E[ap], c̄ := E[c], cβ := E[cβ], and we

abbreviate µs := µ(α(s)), etc. The idiosyncratic Brownian shocks vanish in the mean field limit by the

law of large numbers.

Step 2: Change of variable. Define the relative wealth process Zη(t) := X(t) − θ X̄(t). By Itô’s
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formula applied to (65) and (70):

dZη(t) =
{
π(t)⊤(µt − rt1) + rtX(t) + a[q(t)(1− λ)− (1− p)]

− θ
[
(µt − rt1)

⊤ᾱ+ rtX̄(t) + aβ − aλβ − ā+ ap
]}

dt

+
[
π(t)⊤σt − θᾱ⊤σt

]
dW(t)− b[1− q(t)] dB(t)

−
{
c[1− q(t)]− θ(c̄− cβ)

}
dBl(t),

(71)

with Zη(0) = ξ − θξ̄.

The optimization objective (66) becomes:

sup
η∈ΠMF

E
[
− exp

(
−Z

η(T )

δeff

)]
. (72)

Step 3: HJBI equation for the representative agent. The value function V (t, z, ek) := supη E[−e−z/δeff |
Zη(t) = z, α(t) = ek] satisfies the HJBI equation:

0 = sup
π,q

{
Vt + Vz

[
π⊤(µk − rk1) + rkx+ a(q(1− λ)− (1− p))

− θ
(
(µk − rk1)

⊤ᾱ+ rkx̄+ aβ − aλβ − ā+ ap
)]

+
1

2
Vzz

[
(π − θᾱ)⊤Σk(π − θᾱ) + b2(1− q)2

+
(
c(1− q)− θ(c̄− cβ)

)2]
+
∑
l ̸=k

λkl[V (t, z, el)− V (t, z, ek)]
}
.

(73)

Step 4: Value function ansatz and substitution. Conjecture V (t, z, ek) = −f(t, ek) e−z/δeff with

f(T, ek) = 1. Denoting γ := 1/δeff :

Vt = −ft e−γz, Vz = γf e−γz, Vzz = −γ2f e−γz. (74)

Substituting into (73) and dividing by f e−γz ̸= 0:

0 = sup
π,q

{
− ft
f

+ γ
[
π⊤(µk − rk1) + rkx+ a(q(1− λ)− (1− p))− θΓk

]
− γ2

2

[
(π − θᾱ)⊤Σk(π − θᾱ) + b2(1− q)2 +

(
c(1− q)− θ(c̄− cβ)

)2]
+
∑
l ̸=k

λkl

[ f(t, el)
f(t, ek)

− 1
]}
,

(75)

where Γk := (µk − rk1)
⊤ᾱ+ rkx̄+ aβ − aλβ − ā+ ap.

Step 5: First-order conditions. For π: Differentiating (75) with respect to π:

γ(µk − rk1)− γ2Σk(π − θᾱ) = 0. (76)

Solving:

π∗(t, ek) = θᾱ+
1

γ
Σ−1

k (µk − rk1) = θᾱ+ δeffΣ−1
k (µk − rk1). (77)
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For q: Differentiating (75) with respect to q:

γa(1− λ) + γ2b2(1− q) + γ2c
(
c(1− q)− θ(c̄− cβ)

)
= 0. (78)

Expanding and collecting terms in (1− q):

γa(1− λ) + γ2(b2 + c2)(1− q)− γ2cθ(c̄− cβ) = 0. (79)

Solving for q:

q∗(t) = 1 +
a(1− λ)δeff

b2 + c2
− cθ(c̄− cβ)

b2 + c2
. (80)

Second-order conditions: The Hessian with respect to (π, q) is

HMF = −γ2
(
Σk 0

0⊤ b2 + c2

)
, (81)

which is negative definite since Σk ≻ 0 and b2 + c2 > 0. The F.O.C characterize a unique maximum.

Step 6: Consistency (fixed-point) conditions. The mean field Nash equilibrium requires π∗ = α

(the representative institution’s optimal strategy equals the aggregate behavior) and q∗ = β.

Investment consistency: From Equation (77), setting π∗ = α and taking the population expecta-

tion (multiplied by σk):

σkπ∗ = θσkπ∗ + δeff σkΣ
−1
k (µk − rk1). (82)

Note that σkΣ
−1
k = (σ⊤

k )
−1 since Σk = σkσ

⊤
k . More directly, taking expectation of Equation (77):

ᾱ = θ̄ ᾱ+ δ̄effΣ−1
k (µk − rk1). (83)

When θ̄ < 1:

ᾱ =
δ̄eff

1− θ̄
Σ−1

k (µk − rk1). (84)

Substituting (84) into (77):

π∗(t, ek) = θ · δ̄eff

1− θ̄
Σ−1

k (µk − rk1) + δeffΣ−1
k (µk − rk1) = Σ−1

k (µk − rk1)

[
δeff +

θδ̄eff

1− θ̄

]
, (85)

which is precisely Equation (68).

When θ̄ = 1, Equation (83) becomes 0 = δ̄effΣ−1
k (µk−rk1) ̸= 0 (since δ > 0, ψ > 0, µj > r), yielding

a contradiction. Hence no equilibrium exists.

Risk control consistency: From Equation (80), setting q∗ = β, multiplying by c, and taking

expectation:

cq∗ = c̄+ E
[
a(1− λ)δeffc

b2 + c2

]
− E

[
c2θ

b2 + c2

]
(c̄− cβ). (86)

Using cq∗ = cβ at equilibrium and the definitions (67):

cβ = c̄+ ε− ϕ(c̄− cβ) = c̄(1− ϕ) + ε+ ϕ cβ. (87)

When ϕ < 1:

cβ = c̄+
ε

1− ϕ
. (88)
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Thus c̄− cβ = −ε/(1− ϕ). Substituting into Equation (80):

q∗(t) = 1 +
a(1− λ)δeff

b2 + c2
+

cθ

b2 + c2
· ε

1− ϕ
, (89)

which is Equation (69).

When ϕ = 1 and ε ̸= 0: Equation (87) becomes 0 = ε, a contradiction. The case ϕ = 1 and ε = 0

simultaneously is impossible since ϕ = 1 requires c ̸≡ 0, which with a > 0, λ > 0, δ > 0 forces ε < 0.

Value function ODE: Substituting the optimal controls into (75), the regime-switching value func-

tion satisfies the coupled ODE:

ft(t, e1) = (ρMF
1 + λ12)f(t, e1)− λ12f(t, e2), (90)

ft(t, e2) = (ρMF
2 + λ21)f(t, e2)− λ21f(t, e1), (91)

where the regime-specific constants are:

ρMF
k :=

1

δeff

[
rkz − a(p− λ)− θ

(
aβ − aλβ − ā+ ap

)]
+
θ(µk − rk1)

⊤Σ−1
k (µk − rk1)δ̄

eff

δeff(1− θ̄)

+
1

2
(µk − rk1)

⊤Σ−1
k (µk − rk1) +

a2(1− λ)2

2(b2 + c2)

− b2θ2

2(b2 + c2)(δeff)2

(
c̄− ε

1− ϕ

)2

− a(1− λ)cθ

(b2 + c2)δeff

(
c̄− ε

1− ϕ

)
.

(92)

With terminal condition f(T, ek) = 1, the system (90)–(91) has the unique matrix-exponential solu-

tion (
f(t, e1)

f(t, e2)

)
= exp

[
AMF(t− T )

](1
1

)
, (93)

where

AMF =

(
ρMF
1 + λ12 −λ12
−λ21 ρMF

2 + λ21

)
. (94)

Verification: By construction, the ansatz V (t, z, ek) = −f(t, ek)e−γz with the above f satisfies the

HJBI equation. The admissibility conditions ensure that Itô’s formula applied to V (t, Zη∗
(t), α(t)) yields

a supermartingale for arbitrary η and a martingale for η∗, establishing optimality:

V (0, z0, ek0
) = E[−e−γZη∗

(T )] ≥ E[−e−γZη(T )] ∀ η ∈ ΠMF. (95)

This completes the proof.

Corollary 1 (Special Cases). 1. No ambiguity (ψ → ∞): δeff → δ, recovering the standard game

of Lacker and Zariphopoulou (2019b).

2. No competition (θ = 0): reduces to single-agent robust portfolio optimization.

3. Single asset, no regime switching: setting µ2 = r, σ2 → ∞, α(t) ≡ e1, ψ → ∞ recovers the

model of Lacker and Zariphopoulou (2019b).

4. No risk transfer: setting q ≡ 0 gives a pure investment game.
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5 Sensitivity Analysis

This section provides a comprehensive sensitivity analysis of the mean field game equilibrium strate-

gies established in Theorem 2. We first describe the data sources and calibration methodology, then

systematically interpret the parameter tables, and finally present and discuss eight figures that explore

the equilibrium strategies along all key economic dimensions.

5.1 Data and calibration methodology

We obtain three data series from Thomson Reuters Datastream to calibrate the regime-switching

financial market model. Sepcifically, i) Asset 1 — CSI 300 Index : Daily closing prices in CNY for the

period 11 April 2005 to 8 May 2026. After removing non-trading-day records (consecutive identical

prices), the sample contains n1 = 5,118 trading-day observations spanning approximately 21 years. The

CSI 300 tracks the 300 largest and most liquid A-share stocks listed on the Shanghai and Shenzhen

exchanges and serves as the standard barometer of the mainland Chinese equity market. ii) Asset 2

— CSI 500 Index : The CSI 500 covers the next 500 largest A-shares after the CSI 300 constituents

and is the canonical mid-cap index used by Chinese institutional investors. Datastream’s continuous

coverage in our extract begins 14 February 2022 and ends 8 May 2026, yielding n2 = 1,020 trading-day

observations after cleaning. iii) Risk-free rate — 1Y CNY interest rate swap on 3M Shibor : The 1Y

Shibor IRS quotes the fixed leg of a 1-year swap whose floating leg pays 3-month Shibor; this is more

liquid and market-determined than the Shibor 1Y panel-bank fixing. Daily quotations, in percent, cover

2 July 2007 to 26 July 2019 (nr = 3,150 observations). We convert to continuously compounded rates

via r = ln(1 + rsimple).

A limitation of the available data is that the three series do not share a common contiguous win-

dow: CSI 500’s Datastream coverage begins only in 2022 and the Shibor IRS series ends in 2019. We

therefore adopt the following hybrid calibration scheme, which makes maximal use of each series while

preserving statistical consistency: i) regime identification: a two-state Markov-switching model with

regime-dependent mean and variance is fit to the CSI 300 daily log-returns over the full 2005–2026 sam-

ple by maximum likelihood (Hamilton 1989). The smoothed bear-regime probability P (St = e2 | YT ) is

extracted, and a hard classification Ŝt = 1{P (St = e2 | YT ) > 0.5} is constructed. ii) asset 1 regime pa-

rameters: annualised drift and volatility in each regime are computed from the hard-classified subsamples;

the GBM drift parameter µ is recovered from the empirical log-return mean via µ̂ = ln(St/St−1)/∆t+
1
2 σ̂

2.

iii) asset 2 regime parameters: the CSI 300 regime classification is carried forward day-by-day to the

CSI 500 series over their 2022–2026 overlap, and Asset 2’s regime-conditional drift and volatility are

estimated on this n2 = 1,020 subsample. iv) risk-free rates: regime-conditional means of the Shibor 1Y

IRS rate are computed over its 2007–2019 sample with regimes again inherited from the CSI 300 classifi-

cation. v) cross-asset correlation: the empirical Pearson correlation ρ̂ is computed on the full 2022–2026

CSI 300/CSI 500 overlap. vi) transition intensities: daily transition probabilities from the Markov-

switching estimate are converted to continuous-time intensities via λkl = − ln pkk/∆t with ∆t = 1/252.

Financial-institution parameters are calibrated following Baltas et al. (2018), Lacker and Zariphopoulou

(2019a), and Guan and Hu (2022). The resulting calibrated values are reported in Tables 1 and 2.

5.2 Calibration results

5.2.1 Asset price dynamics and regime identification

Figure 1 displays the price trajectories of both risky assets, with bear-regime episodes highlighted

by red shading. CSI 300 (panel a) exhibits clearly regime-dependent behaviour: the 2007–2008 global
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financial crisis, the 2015 mid-year crash, and several shorter volatility spikes (early-2020 COVID shock,

2022 stress) are all flagged as bear episodes, whereas the recovery phases of 2009–2010, 2017, and 2019

register as bull regimes with markedly smoother dynamics. CSI 500 (panel b) shows qualitatively similar

patterns over its shorter window, with elevated volatility during the 2022 and 2024 bear spells.

Figure 1: Asset price dynamics with regime classification

Note: Red-shaded regions indicate bear-market regimes inferred from the CSI 300 Hamilton filter. Both assets
exhibit lower returns and higher volatility during bear periods, consistent with the regime-switching specification.

Figure 2 presents the core output of the Hamilton filter: the smoothed bear-regime probability

over the full 2005–2026 sample. The filter identifies the 2007–2009 global financial crisis episode with

near-certainty (P (St = Bear) ≈ 1), as well as the dramatic mid-2015 to early-2016 episode, the early-

2020 COVID drawdown, and several shorter bursts in 2018, 2022, and 2024. Hard classification places

26.3% of the sample in the bear regime, very close to the model-implied stationary bear probability

λ12/(λ12 + λ21) = 0.265.

5.2.2 Regime-conditional return distributions

Figure 3 plots the empirical return distributions conditioned on the identified regime, overlaid with

fitted Gaussian densities. For Asset 1 (panel a), the bull-regime distribution (blue) is tightly concen-

trated around zero with annualised standard deviation σ̂bull
1 = 0.161, while the bear distribution (red) is

dramatically wider at σ̂bear
1 = 0.411: a ratio of about 2.6× that highlights the strong volatility asymme-

try across regimes. For Asset 2 (panel b) the corresponding values are σ̂bull
2 = 0.145 and σ̂bear

2 = 0.441.

The bear histogram for Asset 2 is somewhat ragged because the 2022–2026 overlap window contains only

54 classified bear days; this is a known data limitation we discuss further below.

5.2.3 Time-varying volatility

Figure 4 plots the 63-trading-day rolling annualised volatility of both assets, with the estimated

regime-specific volatility levels overlaid as horizontal reference lines. Asset 1’s rolling volatility tracks

its bull-regime estimate σ̂bull
1 = 0.161 (dashed) during quiet periods and spikes well above σ̂bear

1 = 0.411

(dotted) during the 2008, 2015, and 2020 crises. Asset 2’s rolling volatility (teal) is consistently elevated

during the 2022 stress period and the 2024 bear episode.
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Figure 2: Regime identification via the Hamilton filter applied to CSI 300 log-returns

Note: Panel (a): CSI 300 price level. Panel (b): smoothed bear-regime probability (red area) and hard 0.5
classification (dashed line).

Figure 3: Regime-conditional return distributions for Asset 1 (CSI 300, full sample) and Asset 2 (CSI 500,
2022–2026 overlap)

Note: The bear distribution is visibly wider for both assets, validating the regime-switching volatility specification.
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Figure 4: Rolling 63-day annualised volatility with estimated regime-specific levels

Note: Red shading marks bear regimes inferred from CSI 300. The rolling volatility tracks the regime levels
closely, providing an independent validation of the Markov-switching estimates.

5.2.4 Risk-free rate dynamics

Figure 5 shows the time series of the 1Y Shibor IRS rate over its full 2007–2019 Datastream window.

The rate fluctuates between roughly 1.3% during the 2009 monetary easing trough and 5.8% during the

2013–2014 deleveraging period. Conditioning on CSI 300 regimes yields r̂bull = 3.93% and r̂bear = 3.39%

on a continuously compounded basis. The bull–bear spread of 54 basis points is substantively smaller

than the values used in the prior literature on Chinese markets, reflecting the fact that the swap rate

already embeds forward expectations of policy easing during downturns and so dampens the realised

regime-dependent dispersion in spot rates.

Figure 5: 1Y CNY Shibor IRS rate over its 2007–2019 Datastream coverage, with regime-conditional
averages overlaid

Note: Red shading marks bear regimes inherited from the CSI 300 Hamilton filter.

5.2.5 Cross-asset dependence structure

Figure 6 characterises the dependence between CSI 300 and CSI 500 over their 2022–2026 overlap.

Panel (a) shows the daily-return scatter, with bull observations in blue and bear observations in red;

the OLS slope is 0.756 and the full-sample Pearson correlation is ρ̂ = 0.7761. Panel (b) plots the 63-

day rolling correlation, which oscillates roughly between 0.5 and 0.95 around the full-sample estimate
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(dashed line). This empirically estimated correlation is substantially higher than the values used in much

of the prior literature on multi-asset portfolio choice in China and reflects the well-documented high co-

movement between large-cap and mid-cap A-shares within the same macroeconomic environment. The

implications for portfolio allocation are significant.

Figure 6: Cross-asset dependence between CSI 300 and CSI 500 over the 2022–2026 overlap

Note: Panel (a): daily-return scatter with OLS fit and regime classification. Panel (b): rolling 63-day correlation.
The full-sample ρ̂ = 0.7761 indicates strong positive co-movement.

5.3 Interpretation of market parameters

Table 1 reports the regime-dependent financial market parameters estimated from Datastream ex-

tracts. The two regimes capture the most salient empirical features of Chinese equity markets over the

past two decades.

Table 1: Financial market parameters (regime-dependent), calibrated from Datastream extracts of
CSI 300 (full sample), CSI 500 (2022–2026 overlap), and 1Y Shibor IRS (2007–2019).

Parameter Symbol Regime 1 (Bull) Regime 2 (Bear)
Expected return, Asset 1 (CSI 300) µ1 0.1626 −0.0392
Expected return, Asset 2 (CSI 500) µ2 0.0707 −0.1038
Volatility, Asset 1 σ1 0.1606 0.4114
Volatility, Asset 2 σ2 0.1452 0.4413
Risk-free rate (1Y Shibor IRS) r 0.0393 0.0339
Correlation ρ 0.7761 0.7761
Transition intensity λ12 3.5671 —
Transition intensity λ21 — 9.8818

In Regime 1 (bull market), the expected returns of the two risky assets are µ1 = 0.163 and µ2 = 0.071,

both above the risk-free rate r = 0.039. The corresponding Sharpe ratios are (µ1 − r)/σ1 = 0.768 and

(µ2− r)/σ2 = 0.216, indicating that CSI 300 enjoys a substantially superior risk-adjusted return relative

to CSI 500 in expansionary phases. The relatively low volatilities reflect the calmer, upward-trending

dynamics typical of bull periods.

In Regime 2 (bear market), expected returns become negative for both assets (µ1 = −0.039, µ2 =

−0.104) while volatilities surge to σ1 = 0.411 and σ2 = 0.441: almost a threefold increase relative to

the bull regime. The risk-free rate also declines to r = 0.034. Both regime-conditional Sharpe ratios are

negative: (µ1− r)/σ1 = −0.178 and (µ2− r)/σ2 = −0.312. This is a notable departure from calibrations
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used in much of the prior literature, where bear-regime excess returns are typically set to small but

positive values. With genuinely empirical inputs, the model concludes that the optimal portfolio in bear

markets is to short both risky assets.

The transition intensities λ12 = 3.57 and λ21 = 9.88 imply expected sojourn times of 1/λ12 ≈
0.28 years (≈ 3.4 months) for the bull regime and 1/λ21 ≈ 0.10 years (≈ 1.2 months) for the bear regime,

with a stationary bear probability of λ12/(λ12+λ21) = 0.265. The short sojourn times reflect the fact that

the two-state Markov-switching estimator captures volatility regimes rather than long-cycle NBER-style

bull and bear markets: extended periods of elevated volatility are decomposed into multiple short bear

spells punctuated by brief returns to calm. This statistical fact is consistent with the well-documented

finding that Chinese equity markets exhibit pronounced volatility clustering on much shorter timescales

than the U.S. market.

The cross-asset correlation ρ = 0.776 is the most consequential of the empirical inputs. Two highly

liquid Chinese equity benchmarks trading in the same macroeconomic environment share extensive sys-

tematic exposure, which the data straightforwardly bear out. As we shall see in Section 5.12, this high

correlation pushes equilibrium portfolios into a sharply leveraged long–short spread between the two as-

sets, because the inverse covariance matrix Σ−1 amplifies small differences in Sharpe ratios when assets

are nearly collinear.

5.4 Interpretation of institution parameters

Table 2 reports the individual and population-level institution parameters. The representative in-

stitution has risk tolerance δ = 5.0 and ambiguity aversion ψ = 8.0, yielding effective risk tolerance

δeff = δψ/(δ+ψ) = 40/13 ≈ 3.08: a 38% reduction from the nominal value, highlighting the quantitative

importance of model uncertainty.

Table 2: Financial-institution parameters, calibrated as in Baltas et al. (2018), Lacker and Zariphopoulou
(2019a), and Guan and Hu (2022)

Parameter Symbol Value Population avg. Symbol Value
Risk tolerance δ 5.0 Avg. eff. risk tol. δ̄eff 4.62
Ambiguity aversion ψ 8.0 Avg. competition θ̄ 0.20
Competition θ 0.75 Mean field ε ε −0.92
Expenditure drift a 1.0 Mean field ϕ ϕ 0.10
Idiosyncratic vol. b 0.5
Common vol. c 0.5
Risk transfer cost λ 1.2
Management fee p 0.15

Note: These parameters are not market-data-dependent.

The competition parameter θ = 0.75 indicates a high degree of relative-performance concern (the

institution weights its position relative to the industry average at 75% versus 25% on absolute wealth),

while the market-average θ̄ = 0.20 is markedly lower, reflecting the realistic heterogeneity between

aggressively competitive institutions (e.g. hedge funds) and absolute-return-focused institutions (e.g.

pension funds, insurance reserves). The population-average effective risk tolerance is δ̄eff = 4.62.

The expenditure-process parameters set a = 1.0, b = c = 0.5, λ = 1.2, and p = 0.15, so that risk

transfer costs 20% above the fair premium. The mean-field constants are then ε = a(1−λ)δ̄effc/(b2+c2) =
−0.924 and ϕ = c2θ̄/(b2 + c2) = 0.10. Because ϕ < 1 comfortably, the existence and uniqueness

conditions of Theorem 2 are satisfied. With these parameters, the baseline equilibrium risk-control

retention is q∗ = −1.001, indicating that the representative competitive institution is a net assumer of
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risk in equilibrium: a finding that is robust to the change in market parameters because q∗ depends only

on the institution-side calibration.

5.5 Effect of competition on investment

Figure 7 depicts the equilibrium total bull-regime investment π∗ = π∗
1 + π∗

2 as a function of the

institution’s own competition parameter θ and the market average θ̄, with all other parameters fixed at

their baseline values.

Figure 7: Effect of θ and θ̄ on equilibrium investment π∗

Note: The surface exhibits explosive growth as both competition parameters approach unity, reflecting the
escalation of risky asset allocation under intense relative-performance pressure.

Three patterns emerge. First, the surface is monotonically increasing in both θ and θ̄: competi-

tion unambiguously escalates risky investment. The economic mechanism is transparent from equilib-

rium (68): the term θδ̄eff/(1− θ̄) amplifies the Merton-type demand δeffΣ−1(µ− r1) multiplicatively in

θ and singularly in θ̄. At (θ, θ̄) = (0, 0) the surface attains the baseline myopic demand π∗ ≈ 8.7; at

(θ, θ̄) = (0.95, 0.95) it exceeds 250, more than thirty-fold larger.

Second, growth is highly nonlinear and becomes explosive as θ̄ → 1. The arms-race phenomenon,

when all institutions care exclusively about relative performance, no finite equilibrium exists, is apparent

in the steep ridge along the back edge of the surface. This mathematical singularity carries an important

economic warning about the systemic risk inherent in tournament-style performance evaluation.

Third, π∗ is more sensitive to θ̄ than to θ, because θ̄ enters through the singular factor 1/(1− θ̄) while
θ enters linearly. Industry-wide increases in competitive pressure are therefore more dangerous from a

systemic perspective than any single institution’s decision to compete more aggressively, a consideration

relevant for prudential regulation.

5.6 Effect of risk tolerance on investment

Figure 8 illustrates how π∗ varies with own risk tolerance δ and the market-average risk tolerance δ̄

(both entering through their effective counterparts after the harmonic ambiguity transformation). The

surface is smoothly increasing and approximately planar in (δ, δ̄): both parameters enter the equilibrium

formula linearly, in contrast to the explosive θ-dependence of Figure 7.

24



Figure 8: Effect of δ and δ̄ on equilibrium investment π∗

Note: Both own and competitors’ average risk tolerance amplify risky asset investment through a herding mech-
anism induced by relative performance concerns.

The positive dependence on δ is the standard risk-tolerance effect: more risk-tolerant institutions

invest more in risky assets, consistent with the classical Merton solution. The positive dependence on δ̄

reflects a herding mechanism induced by competition. When the population average δ̄ rises, competitors

invest more aggressively, raising the average wealth X̄(T ). An institution with θ > 0 must then increase

its own risky allocation to keep pace. The cross partial ∂2π∗/(∂δ̄ ∂θ) > 0 implies the herding effect

is stronger for more competitive institutions. At the baseline values (δ, δ̄) = (5, 6), the equilibrium

investment is approximately π∗ ≈ 18.

5.7 Effect of competition and risk tolerance on risk control

Figure 9 maps q∗ as a function of risk tolerance and competition. Recall that q∗ ∈ [0, 1] corresponds

to partial transfer of risk to a third party, q∗ = 0 to full retention, and q∗ < 0 to the institution actively

assuming additional risk from others.

The surface decreases in both arguments. As θ rises from 0 to 1, q∗ falls sharply, eventually becoming

negative for sufficiently risk-tolerant and competitive institutions. The economic logic is that competitive

institutions seek to maximise relative performance by saving on the risk-transfer loading λ − p and

gambling on favourable outcomes, which boost their position relative to the industry average. Similarly,

q∗ decreases in δ: more risk-tolerant institutions transfer less. At extreme values (δ, θ) = (10, 0.9), q∗

approaches −1.3, indicating that such institutions not only retain all of their own risk but also actively

underwrite risk transferred out by more risk-averse competitors, earning the loading λ as a premium.

This mirrors real-world reinsurance dynamics, where aggressive reinsurers actively underwrite risk from

more conservative cedants.

5.8 Effect of surplus volatility on risk control

Figure 10 explores the relationship between the two components of surplus volatility, idiosyncratic

b and common (systemic) c, and q∗. The surface reveals a striking nonlinearity. At very low values of

b and c near the origin, q∗ plunges deeply negative, reaching values below −100, because the variance

term b2 + c2 enters the denominator of equation (69) and the strategy becomes hypersensitive when this
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Figure 9: Effect of δ and θ on the equilibrium risk-control strategy q∗

Note: Competition (θ) weakens risk management, and higher risk tolerance (δ) further reduces the propensity to
transfer risk. Values q∗ < 0 indicate the institution actively absorbs risk transferred out by other institutions.

denominator approaches zero.

Figure 10: Effect of idiosyncratic surplus volatility b and common surplus volatility c on equilibrium risk
control q∗

Note: The risk control strategy exhibits high sensitivity at low volatility levels but asymptotes rapidly as volatility
increases beyond a threshold.

As b and c increase beyond approximately 0.3–0.4, the surface flattens dramatically and q∗ converges

to a value near zero from below. Economically: when expenditure risk is already substantial, the

marginal benefit of further adjusting the risk-transfer ratio diminishes, and the optimal policy stabilises.

The surface is approximately symmetric in b and c at moderate-to-large values, since b and c enter

symmetrically through b2 + c2; however c additionally enters the numerator through the competition-

related term cθε/[(b2 + c2)(1− ϕ)], giving it a slightly different marginal effect at small values.
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5.9 Interplay between ambiguity and competition on investment

Figure 11 reveals the interaction between ambiguity aversion and competitive pressure: a central

contribution of this paper. The surface plots π∗ as a function of ψ (low values = strong ambiguity

aversion) and θ.

Figure 11: Effect of ambiguity aversion parameter ψ and competition θ on equilibrium investment π∗

Note: Ambiguity aversion acts as a brake on competitive escalation: at low ψ (high ambiguity aversion), π∗ is
relatively insensitive to θ.

The key finding is the moderating effect of ambiguity on competitive escalation. At low ψ (high

ambiguity, ψ < 3), the surface is nearly flat along the θ dimension: regardless of how competitive the

institution is, it invests conservatively because the effective risk tolerance δeff = δψ/(δ + ψ) is small. In

the limit ψ → 0, δeff → 0 and π∗ → 0 irrespective of θ. Ambiguity thus acts as a natural stabiliser against

competitive arms-racing. Conversely, at high ψ (low ambiguity), the surface rises steeply in θ, reflecting

the absence of the disciplining effect. The cross-partial ∂2π∗/(∂ψ ∂θ) > 0 confirms the complementarity.

At baseline δ and high ψ = 20, the equilibrium investment rises from π∗ ≈ 1.3 at θ = 0 to π∗ ≈ 27

at θ = 0.95. This finding has policy implications: promoting model transparency may paradoxically

increase systemic risk by removing a natural brake on competitive escalation.

5.10 Interplay between ambiguity and risk tolerance on risk control

Figure 12 examines how ψ and δ jointly determine q∗. The surface is monotonically increasing in ψ

and decreasing in δ, forming a twisted shape. At low ambiguity aversion (ψ ≈ 1) and low risk tolerance

(δ ≈ 1), q∗ is near zero, meaning the institution transfers essentially all risk; at the opposite extreme

(ψ ≈ 20, δ ≈ 10), q∗ drops to roughly −2.2, indicating massive risk assumption.

Along the ψ dimension, as ambiguity aversion decreases, the effective risk tolerance approaches the

nominal value, making the institution less cautious and more willing to retain or absorb risk. Along the δ

dimension, more risk-tolerant institutions naturally retain more risk. The interaction is noteworthy: the

marginal effect of δ on q∗ is larger at high ψ. When ambiguity is severe, even risk-tolerant institutions

remain cautious; only institutions that are simultaneously risk-tolerant and confident in the model take

extreme risk-bearing positions. This suggests that regulatory stress tests should jointly assess both risk

preferences and confidence in internal models.

27



Figure 12: Effect of ambiguity aversion ψ and risk tolerance δ on equilibrium risk control q∗

Note: Ambiguity aversion universally strengthens risk management: at low ψ institutions transfer substantially
more risk regardless of their risk tolerance.

5.11 Regime-dependent investment strategies

Figure 13 compares the equilibrium investment strategy across the two regimes. The most striking

observation is the sign reversal between regimes. In the bull regime (left panel), π∗ is uniformly positive

across the (δ, θ) parameter space, ranging from approximately 1 at low δ and θ to 28 at the upper corner.

In the bear regime (right panel), π∗ is uniformly negative, ranging from approximately −0.3 to −6.

Figure 13: Regime-dependent equilibrium investment π∗: Regime 1 (Bull, left) vs. Regime 2 (Bear,
right)

Note: With genuinely empirical inputs, the bear-regime portfolio takes negative positions, because both assets
exhibit negative excess returns under the calibrated bear-regime parameters.

The economic intuition is direct. With genuinely empirical inputs the bear regime features negative

Sharpe ratios for both assets, so the risk-tolerant equilibrium portfolio holds short positions. This con-

trasts with calibrations in the prior literature in which bear-regime excess returns are positive but small,

yielding small but positive π∗ in both regimes. The data tell a sharper story: when market conditions

28



deteriorate, the risk-adjusted optimum is to bet against the market rather than merely reduce long ex-

posure. A second-order observation is that the regime-dependent surface shapes also differ markedly.

The bull-regime surface displays much greater curvature in θ because the high bull-regime Sharpe ratios

make the marginal benefit of competitive escalation large; the bear-regime surface is nearly flat because

the Sharpe ratios are small in absolute value and competitive amplification has little to amplify.

5.12 Effect of asset correlation and ambiguity on investment

Figure 14 illustrates the joint effect of correlation ρ and ambiguity aversion ψ on π∗. With the

empirical correlation ρ̂ = 0.776 marking the operating point on the ρ-axis, this figure is particularly

informative for understanding how the actual data-implied correlation interacts with the model.

Figure 14: Effect of asset correlation ρ and ambiguity aversion ψ on equilibrium investment π∗

Note: Negative correlation creates diversification benefits that sharply increase total risky investment, particularly
for investors with low ambiguity aversion (high ψ). The effect is muted under high ambiguity (low ψ).

The most striking feature is the sharp rise in π∗ as ρ decreases from positive towards −1. At

ρ = −0.9 and ψ = 20, π∗ exceeds 1,000, reflecting the enormous diversification benefit when assets

are nearly perfectly negatively correlated: a combined position has near-zero variance, so the optimal

Merton-type portfolio scales up massively. As ρ → +1, Σ becomes near-singular in the same direction

and π∗ collapses toward small values because the two assets become near-perfect substitutes.

The empirical ρ̂ ≈ 0.78 places the model in the right-hand portion of the surface, where π∗ is

comparatively small in magnitude but where the composition of π∗ becomes acutely important. With

CSI 300’s bull-regime Sharpe ratio of 0.77 substantially exceeding CSI 500’s 0.22, the inverse covariance

matrix Σ−1 at ρ = 0.78 amplifies the spread between the two assets, prescribing a long position in CSI 300

financed in part by a short position in CSI 500. This long–short spread structure is the distinctive

empirical feature of equilibrium portfolios with realistic Chinese equity correlations, and it is invisible in

calibrations that assume the much lower ρ = 0.30 commonly used in the literature.

The interaction with ambiguity is again instructive. At low ψ (high ambiguity), the entire surface

is compressed toward zero and the correlation effect is muted: an ambiguity-averse institution does not

exploit diversification aggressively because it fears the estimated correlation may be unstable — a form of

robust diversification. At high ψ the institution trusts its correlation estimate and exploits diversification
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fully, yielding the dramatic amplification at extreme negative ρ. Model confidence therefore amplifies

the portfolio’s response to diversification opportunities, with quantitatively dramatic consequences.

6 Conclusion

This paper develops a continuous-time game-theoretic framework in which financial institutions jointly

choose portfolio allocations and surplus risk transfer under regime-switching asset returns, ambiguity

aversion, and relative performance concerns. In the finite-n game, we derive explicit Nash equilibrium

strategies; in the large-population limit, we characterize the corresponding mean field equilibrium in

closed form. The analysis yields a clear economic message: competition pushes institutions toward more

aggressive risk-taking, while ambiguity aversion works in the opposite direction by reducing effective risk

tolerance and strengthening the incentive to transfer risk.

Our results show that relative performance concerns create a powerful amplification mechanism.

When institutions care more about keeping pace with their peers, equilibrium investment in risky assets

rises sharply. This effect is especially strong when the average degree of competition in the industry,

θ̄, increases, because the equilibrium portfolio contains the singular amplification term 1/(1 − θ̄). The

sensitivity analysis confirms that this mechanism is quantitatively large: as competition approaches

its critical upper bound, risky investment no longer increases gradually, but escalates in an arms-race

fashion. By contrast, ambiguity aversion works as a stabilizing force. By reducing effective risk tolerance,

δeff = δψ/(δ + ψ), ambiguity aversion compresses equilibrium leverage and makes risky investment less

sensitive to competitive pressure. The model therefore highlights a fundamental tension in modern

finance: the same benchmarking environment that rewards aggressive relative performance can generate

system-wide fragility, while model uncertainty, often viewed as a friction, can partially restrain the

competitive race for returns.

The empirical calibration and sensitivity analysis sharpen this message. Using CSI 300 and CSI

500 data together with a regime-switching classification of bull and bear markets, the calibrated model

shows that competition is not merely a theoretical source of risk-taking; it has large quantitative effects

under realistic market parameters. The bull-market equilibrium features positive risky positions that

increase strongly with risk tolerance and competition. In the bear regime, however, the calibrated excess

returns are negative, so the equilibrium portfolio can switch sign and take short positions rather than

simply reducing long exposure. This regime-dependent sign reversal is economically important: it shows

that institutional competition does not always produce the same type of leverage across states. In

good states, it magnifies long risky exposure; in bad states, it can push risk-tolerant institutions toward

aggressive short positions. Financial fragility is therefore state dependent not only in magnitude, but

also in direction.

The multi-asset structure further reveals a distinct correlation and model-confidence channel. When

asset correlation becomes strongly negative, diversification opportunities expand dramatically and the

Merton-type portfolio can scale up sharply, especially when ambiguity aversion is weak. At the empirical

correlation estimated from the Chinese equity indices, the model implies a more subtle but equally

important mechanism: because the CSI 300 has a stronger bull-regime Sharpe ratio than the CSI 500,

the inverse covariance matrix Σ−1 amplifies small differences in risk-adjusted returns and generates a

leveraged long–short spread between the two assets. This result shows that systemic crowding need not

take the form of identical long-only positions. It may also appear through correlated relative-value trades

that look diversified at the individual level but become fragile when many institutions trust the same

covariance structure.
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The risk-transfer margin adds a further layer to this fragility. Competition and high risk tolerance

reduce the incentive to transfer surplus risk. Under the baseline institution-side calibration, the equi-

librium risk-control policy implies that the representative competitive institution may become a net

absorber of risk rather than a net transferor of risk. This finding changes the interpretation of finan-

cial stability risk. Systemic vulnerability can build not only through crowded asset holdings, but also

through endogenous changes in who bears operational, liability, and balance-sheet risk. Institutions that

are highly competitive, highly risk tolerant, and highly confident in their internal models are precisely

those most likely to retain or absorb risk in destabilizing ways.

Several policy implications follow. First, regulators should pay close attention to industry-wide

benchmarking, league-table evaluation, and tournament-style compensation schemes. The model shows

that systemic risk is driven more by the average intensity of relative-performance pressure across the

industry than by the aggressiveness of any single institution. Supervisory attention should therefore focus

on common incentive structures, benchmark design, and correlated compensation rules rather than only

on isolated outliers. Second, prudential policy should be explicitly state contingent. Since competition

has much stronger effects in bull markets, macroprudential instruments such as countercyclical capital

buffers, leverage limits, liquidity requirements, and margin rules should be tightened during good times,

before competitive escalation becomes embedded in balance sheets. Third, model-risk governance should

be integrated into financial-stability policy. Greater confidence in estimated returns and correlations

can encourage institutions to exploit diversification opportunities more aggressively, so improvements

in transparency and model precision should be accompanied by safeguards against excessive leverage,

crowded relative-value trades, and overreliance on a common covariance model. Fourth, supervisory

stress testing should jointly evaluate portfolio exposure, risk-transfer behavior, regime dependence, and

model confidence. Stress tests that consider only asset losses may miss the endogenous shift in risk

bearing generated by competition.

Overall, the paper shows that ambiguity aversion, peer competition, regime shifts, asset correlation,

and endogenous risk transfer are best understood as jointly determined forces rather than separate mar-

gins of choice. A robust theory of financial competition must therefore explain not only how institutions

invest, but also how they benchmark themselves, how much confidence they place in their models, how

they respond to regime changes, and how they redistribute risk across the system. These interactions are

central to understanding leverage, crowding, long–short fragility, and systemic risk in modern financial

markets.
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